
CHAPTER 8 

Regular and Non regular Languages 

T 
he language a*b* is regular. The language A11 B" = { a"b": tt ~ 0} is not regu
lar (intuitively because it is not possihle, given some finite numbl.!r of states, to 
count an arbitrary number of a ·sand then compare that cuunt to the number of 

b's).The language {we {a. b }*:every a is immediately followl!d hy a b} is regular. The 
similar sounding language {·we {a, b} * :every a has a matching b somewhere and nob 
matches more than one a} is not regular (again because it is now necessary to count the 
a's and make sure that the number of b's is at least as great as the numhcr of a's.) 

Given a new language L. how can we know whether or not it is regular'? In this 
chapter. we present a collection of techniques that can be used to answer that question. 

8.1 How Many Regular Languages Are There? 
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Fir!;t, we observe that there are many more nonrcgular languages than there are regu
lar ones: 

THEOREM 8.1 The Regular Languages are Countably Infinite -----
Theorem: There is a countahly infinite number of regular languages. 

Proof: We can lexicographically enumerate all the syntactically lcgul DFSMs with 
input alphabet I. Every regular language is acceptecJ by at lc.!ast one of them. So 
there cannot be more regular languages than there are DFSMs. Thus lht.!re are at 
most a countably infinite number of regular languages. There is nnt a one-to-one 
relationship between regular languages and DFSMs since there is an infinite 
number of machines that accept any given language. But the number of regular 
languages is infinite because it includes the following infinite set of languages: 

{a}, { aa} , { aaa}, { aaaa}. { aaaaa}, { aaaaaa } • .. . 
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But, by Theorem 2.3, there is an uncountably infinite number of languages over any 
nonempty alphabet So there are many more nonregular languages than there are reg
ular ones. 

8.2 Showing That a Language Is Regular 
But many languages are regular. How can we know which ones? We start with the sim
plest cases. 

THEOREM 8.2 The Finite languages 

Theorem: Every finite language is regular. 

Proof: If L is the empty set, then it is defined by the regular expression 0 and so is 
regular. If it is any finite language composed of the strings s., s2, ... sn for some 
positive integer n, then it is defined by the regular expression: 

So it too is regular. 

EXAMPLE 8.1 The Intersection of Two Infinite Languages 

Let L = L1 n L2, where L1 = { a11b11
: n :o?: 0} and L2 = {b11a": n :o?: 0}. As we 

will soon be able to prove, neither L 1 nor L2 is regular. But L is. L = {e}, 
which is finite. 

EXAMPLE 8.2 A Finite language We May Not Be Able to Write Down 

Let L = { ·w e { 0 - 9} • : w is the social security number of a living US resident}. 
Lis regular because it is finite. It doesn't matter that no individual or organization 
happens. at any given instant, to know what strings are in L. 

Note, however, that although the language in Example 8.2 is formally regular, the 
techniques that we have described for recognizing regular languages would not be very 
useful in building a program to check for a valid social security number. Regular ex
pressions are most useful when the elements of L match one or more patterns. FSMs 
are most useful when the elements of L share some simple structural properties. Other 
techniques. like hash tables. are better suited to handling finite languages whose ele
ments are chosen by our world, rather than by rule. 
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EXAMPLE 8.3 Santa Clause, God, and the History of the Americas 

Let: 

• L1 = {w e { 0 - 9} • : w is the social security number of the current US pres-
ident}. 

• L2 = { 1 if Santa Claus exists and 0 otherwise}. 

• L3 = { 1 if God exists and 0 otherwise}. 
• L4 = { 1 if there were people in North America more than 10.000 years ago 

and 0 otherwise}. 
• Ls = {1 if there were people in North America more than 15.000 years ago 

and 0 otherwise}. 

• L6 = {we { 0 - 9} + : w is the decimal representation. without leading O's, of 
a prime Fermat number}. 

L 1 is clearly finite. and thus regular. There exists a simple FSM to accept it, even 
though none of us happens to know what that FSM is. L 2 and L3 arc perhaps a little 
less clear, but that is because the meanings of ··santa Claus·· and "God" are less 
clear. Pick a defmition for either of them. Then something that satisfies that defmi· 
tion either does or does not exist. So either the simple FSM that accepts { 0} and 
nothing else or the simple FSM that accepts { 1} and nothing else accepts L2. And 
one of them (possibly the same one, possibly the other one) accepts L3• L.a is clear. 
It is the set { 1}. Ls is also finite. and thus regular. Either there were people in North 
America by 15,000 years ago or there were not,although the currently available fos
sil evidence Q is unclear as to which. So we (collectively) just don't know yet which 
machine to build. Lt~ is similar. although this time what is lacking is mathematics. as 
opposed to fossils. Recall from Section 4.1 that the Fermat numhers are defined by 

F, = 22" + 1. II ~ 0. 

The first five elements ofF,, are {3, 5, 17, 257. 65,537}. All of them are prime. It 
appears likely Q that no other Fermat numbers arc prime. If that is true. then L6 
is finite and thus regular.lf it turns out that the set of Fermat numbers is infinite, 
then it is almost surely not regular. 

Not every regular language is computationally tractable. Consider the Tow
ers of Hanoi language. (P. 2) 

But, of course. most interesting regular languages are infinite. Sn far. we've devel
oped four techniques for showing that a (finite or infinite) language l. is regular: 

• Exhibit a regular expression for L. 

• Exhibit an FSM for L. 
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• Show that the number of equivalence classes of :::::Lis finite. 

• Exhibit a regular grammar for L . 

8.3 Some Important Closure Properties of Regular 
Languages 
We now consider one final technique, which aJlows us. when analyzing complex lan
guages, to exploit the other techniques as subroutines. The regular languages are closed 
under many common and useful operations. So, if we wish to show that some language 
L is regular and we can show that L can be constructed from other regular languages 
using those operations, then L must also be regular .. 

THEOREM 8.3 Closure under Union,. Concatenation and Kleene Star 

Theorem: The regular languages are closed under union, concatenation, and Kleene 
star. 

Proof: By the same constructions that were used in the proof of Kleene's theorem. 

THEOREM 8.4 Closure under Complement, Intersection, Difference, Reverse 
and Letter Substitution 

Theorem: The regular languages are closed under complement, intersection, differ
ence, reverse, and letter substitution. 

Proof: 

• The regular languages aTe dosed under complement. If L 1 is regular, then 
there exists a DFSM M1 = (K, }:, a. s, A) that accepts it. The DFSM 
M2 = (K, ~.a. s, K - A). namely M1 with accepting and nonaccepting states 
swapped. accepts -.(L(MI)) because it rejects all strings that M1 accepts and 
rejects all strings that M1 accepts. 

Given an arbitrary (possibly nondeterministic) FSM M1 = (K1, I. ~h s., A1) , 

we can construct a DFSM M2 = (K2• I. a2• s2• A2) such that L(M2) = -.(L(M1)). 
We do so as follows: From M~o construct an equivalent deterministic FSM M ' = 
(KM '• }:, aM •. SM •, AM·). using the algorithm nc/fsmtodfsm, presented in the proof 
of Theorem 53. (If M1 is already deterministic. M' = M1.) M' must be stated com
pletely, so if it is described with an implied dead state. add the dead state and all re
quired transitions to it. Begin building M2 by setting it equal to M'. Then swap the 
acceptingandthenonacceptingstates.SoM2 = (KM·· I . aM, SM·· KM' - AM·). 

• The regular languages are closed under intersection. We note that: 

L(M,) n L(M2) = -.(-.L(M,) U -.L(M2)). 

We have already shown that the regular languages are closed under both com
plement and union. Thus they are also closed under intersection. 

l\1 
' I 
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It is also possible to prove this claim by construction of an FSM that accepts 
L(M1) n L(M2) . We leave that proof as an exercise. 

• The regular languages are closed under set difference (subtraction). We note 
that: 

We have already shown that the regular languages arc closed under both 
complement and intersection. Thus they are also closed under set difference. 

This claim too can also be proved by construction. which we leave as an 
exercise. 

• The regular languages are closed under reverse. Recall that L R = {tv e I* : 
w = x R for some x e L}. We leave the proof of this as an exercise. 

• The regular languages are closed under letter substitution. ddined as follows: 
Consider any two alphabets, I 1 and I 2• Let .'luh be any function from I 1 to 
I 2*. Then letsub is a Jetter substitution function from L1 to L1 iff h•tsub(L1) = 
{we I 2*: 3y e L1 (w = y except that every character c of y has been replaced 
by sub(c))}. For example, suppose that ~ 1 = {a. b }. ~~ = { O, l} .. mb(a) = 0, 
and sub(b) = 11. Then letsub( { a"b" : n C!:: 0}) = { 0"1 ~. : " ~ 0}. We leave 
the proof that the regular languages are closed under letter substitution as an 
exercise. 

EXAMPLE 8.4 Closure Under Complement 

Consider the following NDFSM M = 

If we use the algorithm that we just described to convert M to a new machine 
M' that accepts -,L(M). the last step is to swap the accepting and the nonaccept· 
ing states. A quick look at M makes it clear why it is necessary first to make M de~ 
terministic and then to complete it by adding the dead state. M accepts the input 
a in state 4. If we simply swapped accepting and nonaccepting states, without 
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making the other changes. M' would also accept a. It would do so in state 2. The 
problem is that M is nondeterministic, and has one path along which a is accepted 
and one along which it is rejected. 

To see why it is necessary to add the dead state, consider the input string 
aba. M rejects it since the path from state 3 dies when M attempts to read the 
final a and the path from state 4 dies when it attempts to read the b. But, if we 
don't add the dead state, M' will also reject it since, in it too, both paths will die. 

The closure theorems that we have now proved make it easy to take a divide-and
conquer approach to showing that a language is regular. They also let us reuse proofs 
and constructions that we've already done. 

EXAMPLE 8.5 The Divide-and-Conquer Approach 

Let L = {we {a. b} • : w contains an even number of a's and an odd number of 
b's and all a's come in runs of three}. Lis regular because it is the intersection of 
two regular languages. L = Lt n L2, where: 

• L1 = {we {a, b} • : w contains an even number of a's and an odd number of 
b's }, and 

• ~ = { w e {a. b} • : all a's come in runs of three}. 

We already know that L 1 is regular, since we showed an FSM that accepts it in 
Example 5.9: 

a 

a 

b b 
b b 

a 

a 

Of course, we could start with this machine and modify it so that it accepts L . 
But an easier way is exploit a divide-and-conquer approach. We'll just use the 
machine we have and then build a second simple machine, this one to accept ~· 



168 Chapter 8 Regular and Nonregular languages 

EXAMPLE 8.5 (Continued) 

Then we can prove that Lis regular by exploiting the fact that the regular languages 
are closed under intersection. The following machine accepts L2: 

The closure theorems are powerful. but they say only what thl!y say. We have stated 
each of the closure theorems in as strong a form as pos."iihlc. Any similar claims that are 
not implied by the theorems as we have stated them arc ctlmust certa inly false. which 
can usually be shown easily by finding a simple cuuntcrcxamplc. 

EXAMPLE 8.6 What the Closure Theorem for Union Does Not Say 

The closure theorem for union says that: 

if L 1 and L 2 are regular then L = L1 U L2 is regular! 

The theorem says nothing. for example. about what happens if L is regular. Does 
that mean that L 1 and L2 are also'? The answer is maybe. We know that a+ is reg
ular. We will consider two cases for L1 and L2. First, let them be: 

a+ = { aP : p > 0 and p is prime } U { aP : p > 0 and p is not prime}. 

Ll u 
As we will see in the next section, neither Lt nor L2 is regular. But now consider: 

a+ = { aP : p > 0 and p is even} U { aP : p > 0 and p is odd}. 

a+= L 1 U L 2·· 

In this case, both L1 and L2 are regular. 

EXAMPLE 8.7 What the Closure Theorem for Concatenation Does Not Say 

The closure theorem for concatenation says that: 

if Lt and L2 are regular thefl L = L 1L2 is regular. 

But the theorem says nothin_g, for example, about what happens if L2 is not regu
lar. Does that mean that L tsn't regular either? Again. the answer is maybe. We 
first consider the following example: 

{aba"b": n ~ 0) = {ab}{a"b": n 2 0}. 

L = L 1 L~. 
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As we'll see in the next section, L2 is not regular. And, in this case, neither is L. 
But now consider: 

{ aaa•} = {a*}{ aP ;pis prime} . 

L = L 1 Lz. 
While again Lz is not regular. now Lis. 

8.4 Showing That a Language, is Not Regular 
We can show that a language is regular by exhibiting a regular expression or an FSM or 
a finite list of the equivalence classes of ~ L or a regular grammar. or by using the clo
sure properties that we have proved hold for the regular languages. But how shall we · 
show that n language is not regular'! In other words, how can we show that none of 
those descriptions exists for it'? It is not sufficient to argue that we tried to find one of 
them and failed. Perhaps we didn't look in the right place. We need a technique that 
docs not rely on our cleverness (or lack of it). 

What we can do is to make use of the following observation about the regular languages: 
Every regular language L can be accepted by an FSM M with a linite number of states. If L 
is infinite. then there must be at least one loop in M.All sufficiently long strings in L must 
be characterized by one or more repeating patterns. corresponding to the substrings that 
drive M through its loops.lt is also true that. if L is infinite, then any regular expression that 
dl!scribes L must contain at least one Klecne star. but we will focus here on FSMs. 

To hdp us visualize the rest of this discussion. consider the FSM M LoOP• shown in 
Figure 8.J (a). M1.oat• has 5 slates. It can accept an infinite number of strings. But the 
longest one that it can accept without going through any loops has length 4. Now consider 
the slightly different FSM M .... shown in Figure 8.1 (b). Mr. also has 5 states and one loop. 
But it accepts only one string, aab. The only string that can drive Me through its loop is e. 
No matter how many times M11 goes through the loop. it cannot accept any longer strings. 

To simplify the following discussion, we will consider only DFSMs. which have no 
£-transitions. Each transition step that a DFSM takes corresponds to exactly one char
acter in its input. Since any language that can be accepted by an NDFSM can also be 
accepted by a DFSM. this restriction will not affect our conclusions. 

(n) 

(h) 

FIGURE 8.1 What is the 
longest string that a 5-state 
FSM can accept'? 
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THEOREM 8.5 Long Strings Force Repeated States 

I Theorem: Let M = (K. l:. 8. s. A) he any DFSM. If M accepts any string of 
length IKI or greater. then that string will force M to visit some state more than 
once (thus traversing at least one loop). 

Proof: M must start in one of its states. Each time it reads an input character. it vis· 
its some state. So, in processing a string of kngth n. M creates a total of n + 1 
state visits (the initial one plus one for each character it rt!ads). If 11 + 1 > IKI .. 
then, by the pigeonhole principle. some state must get more than one visit. So, if 

I_ , ~ lK I. then M must visit at least one state more than once. 

Let M = ( K. I. 6. s, A) be any DFSM. Suppose that there exists some "long" string 
1.~1 (i.e .• l1vl ~ IKI) such that we L(M). Then M must go through at least one loop 
when it reads w. So there is some substring y of ·w that drove M through at least one 
loop. Suppose we excise y from uJ. The resulting string must ulso be in /.(M) since M 
can accept it just as it accepts 1lJ but skipping one pass through one h'lop. Further, sup· 
pose that we splice in one or more extra copies of J'. immediately adjacent to the origi· 
nal one. All the resulting strings must also be in L(M) since M can accept them by 
going through its loop one or more additional times. Using an analogy with a pump, 
we'll say that we can pump y out once or in an arbitrary number of tim\!." and there
sulting string must still be in L. 

To make this concrete. Jet's look again at Mu}(}f" which accepts. for example. the 
string babbab. babbab is "long .. since its length is fl and IK I = 5. lb~ second b drove 
MLooP through its loop. Call the string (in this case b) that drove M1.00p through its 
loop y. We can pump it out. producing babab, which is also accepted by Al,oor· Or we · 
can pump in as many copies of b as we like, generating such strings as babbbab. 
babbbbbab. and so forth. MLooP also accepts all of them. Returning to the original 
string babbab, the third b also drove M1 .. oop through its loop. We could also pump it (in 
or out) and get a similar result. 

This property of FSMs, and the languages that they can accc:pt. is the basis for a 
powerful tool for showing that a language is not regular. If a language contains even 
one long (to be defined precisely below) string that cannot be pumped in the fashion 
that we have just described, then it is not accepted hy any FSM and so is not regular, 
We formalize this idea, as the Pumping Theorem. in the next section. 

8.4.1 The Pumping Theorem for Regular languages 

THEOREM 8.6 The Pumping Theorem for Regular Languages 

Theorem: If L is a regular language. then: 

3k ~ 1 ('V strings toe L. where lwl > k ( 3.t . y. ~ ( 'It' = .\')'Z. 

l.ryl ~ k. 

y '1- e. and 

--- --

'tfq 2: 0 (xy '1z e L)))). 
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Proof: The proof is the argument that we gave above: If L is regular then it is accepted 
bysomeDFSMM = (K. I,li.s,A).Letkbe lKI. LetwbeanystringinLoflength 
k or greater. By Theorem 8.5. to accept w. M must traverse some loop at least once. 
We can carve tv up and assign the name y to the first substring to drive M through a 
loop. Then x is the part of w that precedes y and z is the part of w that follows y . We 
show that each of the last three conditions must then hold: 

• lxyl < k : M must not only traverse a loop eventually when reading w. it must 
do so for the first time by at least the time it has read k characters. It can read 
k - 1 characters without revisiting any states. But the klh character must, if 
no earlier character already has. take M to a state it has visited before. What
ever character does that is the last in one pass through some loop. 

• y :1: e: Since M is deterministic. there are no loops that can be traversed by e. 
• Vq ~ 0 (xyqz e L): y can be pumped out once (which is what happens if q = 0) 

or in any number of times (which happens if q is greater than 1) and the result
ing string must be in L since it will be accepted by M.lt is possible that we could 
chop y out more than once and stiU generate a string in L , but without knowing 
how much longer w is than k, we don't know any more than that it can be 
pumped out once. 

The Pumping Theorem tells us something that is true of every regular language. Gen
erally, if we already know that a language is regular, we won't particularly care about 
what the Pumping Theorem tells us about it. But suppose that we are interested in 
some language L and we want to know whether or not it is regular. If we could show 
that the claims made in the Pumping Theorem are not true of L, then we would know 
that L is not regular. It is in arguments such as this that we will find the Pumping The
orem very useful. In particular. we will use it to construct proofs by contradiction. We 
will say. '' If L were regular, then it would possess certain properties. But it does not 
possess those properties. Therefore, it is not regular." 

EXAMPLE 8.8 A"B" is not Regular 

Let L be A"B" = { a"b" : n 2:: 0}. We can use the Pumping Theorem to show that 
L is not regular. If it were. then there would exist some k such that any string w, 
where lwl 2:: k, must satisfy the conditions of the theorem. We show one string w 
that does not. Let w = akbk, Since hvl = 2k, w is long enough and it is in L. so it 
must satisfy the conditions of the Pumping Theorem. So there must exist x,y, and 
z. such that w = xyz,lxyl s k. y ~ e, and Vq ~ 0 (xy qz e L). But we show that 
no such x. y, and z exist. Since we must guarantee that lxyl :s k, y must occur 
within the first k characters and soy= aP for some p. Since we must guarantee 
that y ~ e, p must be greater than 0. Let q = 2. (In other words, we pump in one 
extra copy of y.) The resulting string is aHPbk. The last condition of the Pumping 
Theorem states that this string must be in L. but it is not since it has more a's than 
b's. Thus there exists at least one long string in L that fails to satisfy the conditions 
of the Pumping Theorem. So L = Ansn is not regular. 
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The Pumping Theorem is a powerful tool for showing that a language is not regular. 
But. as with any tool. using it effectively requires some skill. To see how the theorem 
can be used, let's state it again in its most general terms: 

For any language L, if L is regular, then every ' 'long·· string in L is pumpable. 

So. to show that L is not regular. it suffices to find a single long string 10 that is in 
L but is not pumpable. To show that a string is not pumpahlc. we must show that 
there is no way to carve it up into x, y, and : in such a way that all three of the condi
tions of the theorem are met. It is not sufficient to pick a particular y and show that it 
doesn't work. (We focus on y since, once it has been chosen. everything to the left of 
it is x and everything to the right of it is z ). We must show that there is tw value for Y 
that works. To do that, we consider all the logically po~sihlc classes of values for y 
(sometimes there is only one such class. hut sometimes several must be considered). 
Then we show that each of them fails to satisfy at least one of the three conditions of 
the theorem. Generally we do that by assuming that y docs satisfy the first two con
ditions, namely that it occurs within the first k characters and is not e. Then we con
sider the third requirement. namely that. for all values of q.xy '' z is in L. To show that 
it is not possible to satisfy that requirement. it is sufficient to find a single value of q 
such that the resulting string is not in L . Typically. this can be done by setting q to 0 
(thus pumping out once) or to 2 (pumping in once). although sometimes some other 
value of q must be considered. 

In a nutshell then, to use the Pumping Theorem to show that a language L is not reg
ular, we must: 

1. Choose a string w, where we Land lu,l ~ k. Note that we do not know what k 
is; we know only that it exists. So we must state win terms of k. 

l. Divide the possibilities for y into a set of equivalence classes so that all strings in 
a class can be considered together. 

3. For each such class of possible y values, where lxyl s k andy ~ s: 
Choose a value for q such that xy''z is not in L. 

In Example 8.8.y had to fall in the initial a region of w. so that was the only case that 
needed to be considered. But, had we made a Jess judicious choice for w, our proof 
would not have been so simple. Let's look at another proof. with u different tv: 

EXAMPLE 8.9 A Less Judicious Choice for w 

Again let L be A"B" = { a"b":" ~ 0}. If A"B" were regular. then there would 
exist some k such that an~ string tv, where lwl ~ k, must satisfy the conditions of 
the theorem. Let w = a lcf2lblkl2l. (We must use f k/ 21. i.e .• the smallest integer 
greater than k/2, rather than truncating the division. since k might be odd.) Since 
lwl ~ k and w is in L, w must satisfy the conditions of the Pumping Theorem. So. 
there must exist x. y, and z. such that w = .ryz.l.tyl s k. y '1: e, and 
'Vq ~ 0 (xy qz e L). We show that no such x,y, and z exist. This time. if they did,y 
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could be almost anywhere in w (since all the Pumping Theorem requires is that it 
occur in the first k characters and there are only at most k + 1 characters). So we 
must consider three cases and show that, in all three, there is no y that satisfies all 
conditions of the Pumping Theorem. A useful way to describe the cases is to imag
ine w divided into two regions: 

aaaaa ..... aaaaaa I bbbbb ..... bbbbbb 

1 I 2 

Now we see that y can fall: 

• Exclusively in region 1: In this case, the proof is identical to the proof we did 
for Example 8.8. 

• Exclusively in region 2: then y = b P for some p. Since y :1-: e, p must be greater 
than 0. Let q = 2. The resulting string is akbk-r-P. But this string is not in L, since 
it has more b's than a's. 

• Straddling the boundary between regions 1 and 2: Then y = aPb' for some 
non-zero p and r. Let q = 2. The resulting string will have interleaved a's and 
b's, and so is not in L. 

There exists at least one long string in L that fails to satisfy the conditions of 
the Pumping Theorem. So L = A nan is not regular. 

To make maximum use of the Pumping Theorem's requirement that y fall in the first 
k characters, it is often a good idea to choose a string w that is substantially longer than 
the k characters required by the theorem. In particular, if w can be chosen so that there 
is a uniform first region of length at least k, it may be possible to consider just a single 
case for where y can fall. 

The Pumping Theorem inspires poets Q, as we'll see in Chapter 10. 

Anan is a simple language that illustrates the kind of property that characterizes lan
guages that aren't regular. It isn't of much practical importance, but it is typical of a fam
ily of languages. many of which are of more practical significance. In the next example, 
we consider Bal. the language of balanced parentheses. The structure of Bal is very sim
ilar to that of A nan. Bal is important because most languages for describing arithmetic 
expressions, Boolean queries, and markup systems require balanced delimiters. 

EXAMPLE 8.10 The Balanced Parenthesis Language is Not Regular 

Let L be Bal = {we { ), (} • : the parentheses are balanced}. U L were regular, 
then there would exist some k such that any string w, where lwl ~ k, must satisfy 
the conditions of the theorem. Bal contains complex strings like(())(()()). But it is 
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EXAMPLE 8.10 (Continued) 

almost always easier to use the Pumping Theorem if WI! pick as simple a string as 
possible. So. let to = (k)k . Since lwl = 2k and w is in L. w must satisfy the condi
tions of the Pumping Theorem. So there must exist .t. y. ami z. such that 
w = xyz. lxyl s k , y 'F e. and Vq ~ 0 (xy liz e L ). But we :~how that no x. y. and 
z exist. Since lxyl s k, y must occur within the first k characters and soy = C' for 
some p). Since y "1: e,p must be greater than 0. Let q = 2. (In other words. we 
pump in one extra copy of y.) The resulting string is (" ~P)" . Titc last condition of 
the Pumping Theorem states that this string must be in L. but it is not since it has 
more ('s than )'s. There exists at least one long string in L that fails to satisfy the 
conditions of the Pumping Theorem. So L = Bal is not n.::gular. 

EXAMPLE 8.11 The Even Palindrome language is Not Regular 

Let L be PalEven = {'ll!WR: we {a. b}"}. PalEvcn is the language of even
length palindromes of a's and b's. We can use the Pumping lltcnrcm to show that 
PaiEven is not regular. If it were. then there would exist some k such that any 
string w. where l·wl ~ k. must satisfy the conditions of the theorem. We show one 
string w that does not. (Note here that the variable w usl.!d in the.! definition of L 
is different from the variable 'W mentioned in the Pumping Thcor~m. ) We will 
choose w so that we onlv have to consider one case for wh~rc ,. could fall. let 
w = akb*b"ak. Since lwl. = 4k and w is in L , w must satisfy the: ~onditions of the 
Pumping Theorem. So there must exist x.y. and z. such that u· = xyz.lxyl ~ k, 
y :F e, and 'Vq ~ 0 (xy'lz e L). Since lxyl s k. y must occur within the first k 
characters and so y = a!' for some p. Since y :# e, p must h~ grl!ater than 0. Let 
q = 2. The resulting string is ak+t'bkbkak. Ir p is odd, then this Mring is not in 
Pal Even because all strings in PaiEven have even length. If p is even then it is at 
least 2. so the first half of the string has more a's than the second half does. so it is· 
not in Pal Even. So L = Pal Even is not regular. 

The Pumping Theorem says thm. for any language /., if J. is rcgul~ar. then all long 
strings in L must be pumpable. Our strategy in using it to show that a language Lis not 
regular is to find one string that fails to meet that requirement. Often. there are many 
long strings that are pumpahlc. If we try to work with tht:m. we will f<~ilto derive the 
contradiction that we seek. In that case. we will know nothin~ ahout wtll'thcr or not L 
is regular. To find a w that is not pumpahlc. think uhnut what property Q[ L is not 
checkable by an FSM and choose a w that exhibits that property. Consider again our 
last example. The thing that an FSM cannot do is to rcmcmhcr an arbitrarily long first 
half and check it against the second half. So we chose a w th:at would have forced it to 
do that. Suppose instead that we had let 'W = a11 a4. It is in /. and lung enough. But y 
could be aa and we could pump it out or in and ullthc resulting strings woulc.l be in L. 
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So far, all of our Pumping Theorem proofs have set q to 2. But that is not always 
the thing to do. Sometimes it will be necessary to set it to 0. (In other words, we will 
pump y out). 

EXAMPLE 8.12 The Language with More a's Tnan b's is Not Regular 

Let L = { anbm : n > m}. We can use the Pumping Theorem to show that L is 
not regular. If it were, then there would exist some k such that any string w, 
where lwl ~ k, must satisfl the conditions of the theorem. We show one string 
w that does not. Let w = a +lbk. Since lwl = 2k + 1 and w is in L, w must sat
isfy the conditions of the Pumping Theorem. So there must exist x, y , and z, 
such that w = xyz, lxyl s k, y =F e, and "''q ~ 0 (xy qz e L). Since lxyl s k.y 
must occur within the first k characters and soy = aP for some p. Since y '¢ e, p 
must be greater than 0. There are already more a's than b's, as required by the 
definition of L. If we pump in, there will be even more a's and the resulting 
string will still be in L. But we can set q to 0 (and so pump out). The resulting 
string is then ak+l- pbk. Since p > 0, k + 1 - p s k, so the resulting string no 
longer has more a's than b's and so is not in L . There exists at least one long 
string in L that fails to satisfy the conditions of the Pumping Theorem. So L is 
not regular. 

Notice that the proof that we just did depended on our having chosen a w that is just 
barely in L. It had exactly one more a than b. Soy could be any string of up to k a's. If 
we pumped in extra copies of y. we would have gotten strings that were still in L. But if 
we pumped out even a single a, we got a string that was not in L, and so we were able 
to complete the proof.. Suppose. though, that we had chosen w = a2kbk. Again, pump
ing in results in strings in L. And now. if y were simply a. we could pump out and get a 
string that was still in L. So that proof attempt fails. In general, it is a good idea to 
choose a w that barely meets the requirements for L. That makes it more likely that 
pumping will create a string that is not in L. 

Sometimes values of q other than 0 or 2 may also be required. 

EXAMPLE 8.13 The Prime Number of a's Language is Not Regular 

Let L be Prime. = {an : n is prime}. We can use the Pumping Theorem to show 
that L is not regular. If it were. then there would exist some k such that any string 
w, where lwl ~ k , must sati~fy the conditions of the theorem. We show one string 
w that does not. Let w = w, where j is the smallest prime number greater than 
k + 1. Since lwl > k, w must satisfy the conditions of the Pumping Theorem. So 
there mustexistx,y,and z.~uch that w = xyz, lxyl s k andy ~ e. y = aP for some 
p. The Pumping Theorem further requires that Vq ~ 0 (xy 9.z e L). So, Vq 2:: 0 
(a~KI+lzl+qlv l must be in L).That means that lxl + lzl + q ~ lyl must be prime. 
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EXAMPLE 8.13 (Continued) 

But suppose that q = lxl + lzl. Then: 

lxl + lzl + q ·lyl = lxl + lzl + ( lxl + lzl) · y 
= ( I xI + lz I ) · ( 1 + l.v I ), 

which is composite (non-prime) if both factors are greater than 1. (l.tl + lzh > l 
because lwl > k + 1, and l.vl ~ k. (I +lyl) > I hccausclyl > 0. So, for at least 
that one value of q. the resulting string is not in L. Sot is not regular. 

When we do a Pumping 1l1eorem proof that a language L is not regular. we have 
two choices to make: a value for tl' and a value for tJ. As we have just seen, there are 
some useful heuristics that can guide our choices: 

• To choose w: 

• Choose a w that is in the part of L that makes it not regular. 

• Choose a w that is only barely in L. 
• Choose a w with as homogeneous as possibl~! an initial rcgi<)n of length at least k. 

• To choose q: 

• Try letting q be either 0 or 2. 
• If that doesn't work, analyze L to see if there is some other specific value that 

will work. 

8.4.2 Using Closure Properties 
Sometimes the easiest way to prove that a language L is not regular is to use the clo
sure theorems for regular languages, either alone or in conjunction with the Pumping 
Theorem. The fact that the regular languages arc closed unJ~:r intersection is particu
larly useful. 

EXAMPLE 8.14 Using Intersection to Force Order Constraints 

Let L = {we {a. b}*: #a(w) = #b ('w) }. If L were regular, then L' = L n a*b* 
would also be regular. But L' = { a"b" : n ~ 0). which we have alrccsdy shown is not 
regular. SoL isn·t either. 

EXAMPLE 8.15 Using Closure Under Complement 

Let L = {a; b i: i.j ~ 0 and i ¢ j } . It seems unlikely that L is regular since any 
machine to accept it would have to count the a·s.lt is possible to usc the Pumping 
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Theorem to prove that L is not regular but it is not easy to see how. Suppose, for 
example, that we let w = ak+ 1 bk. But then y could be a a and it would pump since 
ak-tbk is in L, and so is ak+t+l(q-llbk, for all nonnegative values of q. 

Instead, let w = akbk+k!. Then y = aP for some nonzero p. Let q = (k!/ p) + 1 
(in other words. pump in (k!/p) times). Note that (k!jp) must be an integer because 
p < k. The number of a's in the resulting string is k + (k!fp)p = k + k!. So the 
resulting string is ak+k!bk+k!, which has equal numbers of a's and b's and so is not in L. 

The closure theorems provide an easier way. We observe that if L were regu
lar, then ...,L would also be regular, since the regular languages are closed under 
complement . ...,L = {a'' b": n > 0} U { strings of a's and b's that do not have all 
a's in front of all b's}. If ..,Lis regular, then ...,L n a*b* must also be regular. But 
..,L n a*b* = { a"b'': n ~ 0}, which we have already shown is not regular. So 
neither is -,L or L . 

Sometimes, using the closure theorems is more than a convenience. There are lan
guages that are not regular but that do meet all the conditions of the Pumping Theo
rem. The Pumping Theorem alone is insufficient to prove that those languages are not 
regular, but it may be possible to complete a proof by exploiting the closure properties 
of the regular languages. 

EXAMPLE 8.16 Sometimes We Must Use the Closure Theorems 

Let L = {a; bi ck: i, j, k ~ 0 and (if i = 1 thenj = k)}. Every string of length at 
least 1 that is in L is pumpable. It is easier to see this if we rewrite the final condi
tion as (i '#: 1) or (j = k). Then we observe: 

• If i = 0 then: If j '#: 0, let y be b; otherwise, let .v be c. Pump in or out. Then i 
will still be 0 and thus not equal to l, so the resulting string is in L. 

• If i = l then: Let y be a. Pump in or out. Then i will no longer equall, so the 
resulting string is in L. 

• If i = 2 then: Let y be aa. Pump in or out. Then i cannot equall, so the result
ing string is in ~-

• If i > 2 then: Let y be a. Pump out once or in any number of times. Then i can
not equal 1. so the resulting string is in L. 

But L is not regular. One way to prove this is to use the fact that the regular lan
guages _are closed under intersection. So, if L were regular, then L' = L n ab*c* 
= { ab' ck : j, k ~ 0 and j = k} would also be regular. But it is not, which we can 
show using the Pumping Theorem. Let w = abkck. Then y must occur in the first 
k characters of ·w. If y includes the initial a. pump in once. The resulting string is not 
in L' because it contains more than one a. If y does not include the initial a, then it 
must be bP, where 0 < p < k. Pump in once. The resulting string is not in L' be
cause it contains more b's than c's. Since t' is not regular, neither is L.. 
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EXAMPLE 8.16 (Continued) 

Another way to show that Lis not regular is to use the fttct that the regular lan
guages are closed under reverse. LR = { c" bi a;: i , j. k 2= 0 and (if i = 1 then 
j = k)}. If L were regular then L R would also be regular. But it is not, which we 
can show using the Pumping Theorem. Let U' = ck bk a. y must occur in the first 
k characters of w, soy = cP, where 0 < p s k. Set q to 0. The resulting string 
contains a single a, so the number of b's and c's must he e4ual for it to he in L R. 

But there are fewer c's than b's. So the resulting string is not in L R. LR is not reg
ular. Since L R is not regular, neither is L. 

8.5 Exploiting Problem-Specific Knowledge 
Given some new language L. the theory that we have been dcM.:rihin~ provides the 
skeleton for an analysis of L . If L is simple. that may he enough. But if L is based on a 
real problem. any analysis of it will also depend on knowledge: of th~.: task domain. We 
got a hint of this in Example 8.13. where we ~ad tu usc some knowledge about num
bers and algebra. Other problems also require mathematical facts. 

EXAMPLE 8.17 The Octal Representation of a Number Divisible by 7 

Let L = {we { 0, 1. 2. 3. 4 ,5. 6, 7} * : w is the octal representation of a nonnega
tive integer that is divisible by 7}. The first several strings in L arc: 0. 7 .16. 2 5, 34. 
43, 52, and 61. Is L regular? Yes, because there is a simple. 7-statc DFSM M that 
accepts L. The structure of M takes advantage of the fact that w is in L iff the sum 
of its digits, viewed as numbers, is divisible by 7. So the states of M correspond to 
the modulo 7 sum of the digits so far. We omit the details. 

Sometimes L corresponds to a problem from a domain other th•m m~llhcmati~ in 
which case facts from that domain will be important. 

EXAMPLE 8.18 A Music language 

Let I= {., J,J, i ,})}.LetL = {w:wrepresentsasongwritlenin4/4timc}.Lis 
regular. It can be accepted by an FSM that checks for 4 beats between measure 
bars. where.counts as 4,Jcounts as 2,,.counts as l,;·counts as 1:2 • • ' counts as 1,.4, and 
) counts as 1/8. 

Ot.her techniques described in this book can also he applied to the language 
of music. (N.l) 
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EXAMPLE 8.23 The Function mix 

Definenrix(L) = ~w: 3x,y.t(xe L,x = yz.lyl = lzl. tv= yzR)}.Inotherwords. 
mix(L) contains exactly those strings that can be formed by taking. some even 
length string in L and reversing its second half. Let's look at mix applied to some 
languages: 

.L 

(aU b)* 
(ab)* 
(ab)*a(ab)* 

mix(L) 

((a u b)(a u b))* 
{ (ab)2" +1 : n ~ O} U { (ab)"(ba)":" 2 n) 
0 

The regular languages are closed under mux.w·ing. l11ey arc not closed under mix. 
We leave the proof of these claims as an exercise. 

Exercises 
1. For each or the following languages L. state whclhcr L is regular or not and 

prove your answer: 

a. { aibi : i. j ~ 0 and i + j = 5}. 
b. { a;b;: ;, j ~ 0 and i - j = 5} . 
c. {aib/:i,j ~ Oand li- il :!EsO}. 
d. {we{0.1, #}*:1V = .~#y.whcrcx,ye~0.1}*and l.tl·l,vl =~0}. 
e. {a; bi : 0 :S i < j < 20JO } . 

r. {we {Y. N }*: w contains at least two Y's and at most two N's ~. 
g. { w = xy: .r, ye {a, b}* and lxl = lyl and #a(.\') 2 #a(\')t. 

h. {w = .ryzyRx:x.y.ze {a, b}*}. 

i. {'W = X)'Z)': X.)', Z E {0, 1} .. }. 

j. {we {0,1}*: #o(w) :1: #1(-w} }. 
k. {we {a, b }* : ·u.J = ul}. 
I. { ·w E fa, b} * : :lx E { a. b r ( w = -~ .rRx)} . 
m. {tv e {a. b} * :the numher of occurrem:cs of the substring ab equals the num 

ber of occurrences of the substring ba}. 
n. { ttJ e {a. b }*: ·w contains exactly two mMc b·s than a's}. 
o. ~ ·we {a. b }*: ·w = xyz.lxl = IYI = I: I. and r = x with every a replaced by 

b and every b rcphtccd by a} . Example: abbbabbaa e L, with x = 
abb, y = bab. and z = baa. 

p. { w: we {a - z }*and the letters of u· appc<tr in reverse alphabetical order}. 
For example. spoon feed e L. 
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q. { w: 'lV e {a - z} * every letter in w appears at least twice} . For example, 
unprosperousness e L. 

r. { w : w is the decimal encoding of a natural number in which the digits appear 
in a non-decreasing order without leading zeros}. 

s. { 1.0 of the form: <imeger1> + <imeger2> = <integer3>, where each of the 
substrings <integer1>, <integer~>. and <integer3> is an element of {0-
9} * and imeger.1 is the sum of integer1 and integer2}. For example, 
124+5•129 e L. 

t. L0*, where L0 = {ba; bi a",J ~ 0, 0 sis k}. 

u. { 'IV : 1l.' is the encoding of a date that occurs in a year that is a prime number}. 
A date will be encoded as a string of the form mmldtilyyyy, where each m, d, 
andy is drawn from {0-9}. 

v. { 1~1e {1}"': w is, for some n ~ 1, the unary encoding of 10''}. (So L = 
{ 1111111111,1IIKI, 1IIKKl, ••. }.) 

2. For each of the following languages L. state whether L is regular or not and prove 
your answer: 

a. {1ve{a,b. c}*:ineachprefixxofw,#a(x) = #b(x) = #c(x))}. 

b. { 10 e {a. b. c} •: 3 some prefix x of w ( #a(x) = #b(x) = #c(x})}. 

c. {tv e {a, b, c }*: 3 some prefix x of w (x :# e and #1(x) = #b(x) = #c(x)) }. 

3. Define the following two languages: 

L 0 = {ul e{a,b}*;ineachprefixxofw.#a(x) > #b(x) }. 

Lh = { 1~1 e {a, b} *:in each prefix x of w, #b(x) ?: #01(x) }. 

a. Let L1 = La n Lh. Is L1 regular? Prove your answer. 

b. Let L2 = La U Lb. Is L 2 regular? Prove your answer. 

4. For each of the following languages L, state whether L is regular or not and prove 
your answer: 

a. { li'W'WRV: U, V, 'WE {a. b} +}. 
b. {x.vzyRx: x. y. z e {a. b} +}. 

S. Use the Pumping Theorem to complete the proof, given in L.3.1. that English 
isn't regular. 

6. Prove by consimciion that the regular languages are closed under: 
a. intersection. 

b. set difference. 

7. Prove thctt the regular languages are closed under each of the following operations: 
a. pn•f(L) = {w: 3xe I*(wxeL)}. 

b • . mff(L) = {1o!3.tEl:*(XWEL)}. 
c. reverse(L) = {x E l'.*: x = wR for some we L }. 
d. letter substitution (as defined in Section 8.3). 

8. Using the dcfintions of maxstring and mix given in Section 8.6. give a precise def
inition of each of the following languages: 
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a. nuustring(A" 8"). 
b. maxstring(a; bi ck, 1 s k ~ j ~ i). 

c. maxstring(L1L2) , where L1 ={we {a. b}*: to contains exactly one a} and 
L 2 = {a}. 

d. mix((aba)*). 

e. mix(a*b*). 
9. Prove that the regular languages are not closed under mi.'<. 

10. Recallthatmaxstring(L) = {w:1v eLandVze~*(4 ~ £- ·wz~tL)} . 

a. Prove that the regular languages are dosed under nuustrin~. 

b. If ma.utring(L) is regular. must L also be regular? Prove your answer. 

11. Define the function midcltar(L) = {c: 3w e L(w = }'t'Z, c el:~.tyeiL*•lE 
~L •.lyl = lzl )}. Answer each of the following qucstions und prove your answer. 

a. Are the regular languages closed under mitlclwr'? 

b. Are the nonregular languages closed under midclwr'? 
12. Define the function twice( L) = { w : 3x e L (x can be written as c1t2 . .. c,., for 

some n ~ 1. where each c; e l:L, and w = CJ'-'tc~·z . .. c,(·,) }. 
a. Let L = (1 U 0)*1. Write a regular expression for twic:e(L). 
b. Are the regular languages closed under twice? Prove your answer. 

13. Define the function slwffle(L) = { w: 3.t' e L (u• is some permutation of x)}. For 
example, if L = { ab, abc}, then shuffle ( L) = {a b. abc. ba. acb. bac. bca. cab, 
cba} . Are the regular languages closed under shuffle? Prove your answer. 

14. Define the function copyandreverse(L) = {tv : 3x e L( w = .u R)} . Are the reg
ular languages closed under copyandreverse? Prove your answer. 

tS. Let L 1 and L2 be regular languages. let L be the language consisting of strings 
that are contained in exactly one of L 1 and Lz. Prove that Lis regular. 

16. Define two integers i and j to be twin primes ~ iff both i and j are prime and 
li- il = 2. 
a. let L = {we { 1} •: w is the unary notation for a natural number n such 

that there exists a pair p and q of twin primes. both > " ·} Is L regular? 

b. Let L == {x. y : xis the decimal encoding of a positive integer i. y is the deci
mal encoding of a positive integer j. and i and j arc twin prim\!S} . Is L regular? 

17. Consider any function.f(L 1) = L 2• where L1 and L2 are both languages over the 
alphabet l: == { 0.1 }. A function fis nice iff whc.::ncvcr L 2 is regular. L1 is regular. 
For each of the following functions, f, state whether or not it is nice and prove 
your answer . 

•• f(L) = LR. 

b. f (L) = { w : w is formed by taking a string in L and replacing a Ill's with O's 
and leaving the O's unchanged} . 

c. f(L) = LU o•. 
d. f (L) = { w: w is formed by taking a string in Land replacing alll's with O's 

and all o·s with l's (simultaneously)}. 
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e. f(L) = {w: 3xeL (w = xOO)}. 
f. f ( L) = { w : w is formed by taking a string in L and removing the last 

character} . 
18. We'll say that a language Lover an alphabet I is splitable iff the following prop

erty holds: Let w be any string in L that can be written as c1c2 •. •• c2m for some 
n ~ 1, where each c; e l:. Then x = c1 c3 ••• c2n-t is also in L. 
a. Give an example of a splitable reg,ular language. 
b. Is every regular language splitable? 
c. Does there exist a nonregular language that is splitable? 

19. Define the class IR to be the class of languages that are both infinite and regular. 
Tell whether the class IR closed under: 
a. union. 
b. intersection. 
c. Kleene star. 

20. Consider the language L = {xO"y 1'1z:n ~ O,xeP,yeQ,zeR, where P, Q, 
and Rare nonempty sets over the alphabet {0, 1} }. Can you find regular sets P, 
Q, and R such that Lis not regular? Can you find regular sets P, Q, and R such 
that L is regular? 

21. For each of the following claims, state whether it is True or False. Prove your 
answer. 
a. There are uncountably many non-regular languages over l: = {a, b}. 
b. The union of an infinite number of regular languages must be regular. 
c. The union of an infinite number of regular languages is never regular. 
d. If L1 and L2 are not regular languages, then L 1 U L 2 is not regular. 
e. If L1 and L2 are regular languages, then L1 ® L2 = { w : we ( L1 - L2) or 

we (L2 - L1)} is regular. 
r. If L1 and L2 are regular languages and L1 ~ L ~ L2, then L must be regular. 
I· The intersection of a regular language and a nonregular language must be 

regular. 

b. The intersection of a regular language and a nonregular language must not be 
regular. 

1. The intersection of two nonregular languages must not be regular. 
j. The intersection of a finite number of nonregular languages must not be 

regular. 

k. The intersection of an infinite number of regular languages must be regular. 
L lt is possible that the concatenation of two nonregular languages is regular. 

m. It is possible that the union of a. regular language and a nonregular language 
is regular. 

a. Every non regular language can be described as the intersection of an infinite 
number of regular languages. 

o. If L is a language that is not regular, then L • is not regular. 
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p. If L * is regular. then L is regular. 

q. The nonregular languages are closed under intersection. 

r. Every suhset of a regular language is regular. 

s. Let L4 = L 1L2L3• If L 1 and L2 are regular and L3 is not regular. it is possible 
that L4 is regular. 

t. If L is regular, then so is { xy : x e L and y 'i I.~. 
u. Every infinite regular language properly contains another infinite regular 

language. 
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