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4. Deterministic Context-Free Languages 

A PDA M is deterministic iff: i) ∆M contains no pairs of transitions that compete with each 

other, and ii) Whenever M is in an accepting configuration it has no available moves.   

A language L is deterministic context-free iff  L$ can be accepted by some deterministic PDA.   

Let L = a* U { a"b": n > 0}. Consider any PDA M that accepts L.  When it begins reading a’s, 

M must push them onto the stack in case there are going to be b's. But if it runs out of input 

without seeing b's, it needs a way to pop those a's from the stack before it can accept. Without 

an end-of-string marker there is no way to allow that popping to happen only when all the input 

has been read.  

So, for example, the following PDA accepts 

L, but it is nondeterministic because the 

transition to state 3 (where the a's will be 

popped) can compete with both of the other 

transitions from state 1.  

 

With an end-of-string 

marker, we can build the 

following deterministic 

PDA, which can only take 

the transition to state 3, the a-

popping state. when it sees 

the $: 

 

CFLs and Deterministic CFLs 
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Closure Properties of the Deterministic Context-Free Languages 

Closure Under Complement 
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Nonclosure Under Union 

 

 

 

Nonclosure Under Intersection 
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6. A Hierarchy within the Class of Context-Free language 

The most important result of this section is the following theorem:There are context-free 

languages that are not deterministic context-free. Since there are context-free languages for 

which no deterministic PDA exists. there can exist no equivalent of ndfsmtodfsm for PDAs. 

Some CFLs are not Deterministic 

Theorem: The class of deterministic context-free languages is a proper subset of the class of 

context-free languages. Thus, there exist nondeterministic PDAs for which no equivalent 

deterministic PDA exists. 

Proof: By example.  

Let L = {aibjck, i ≠ j or j ≠ k}.  L is CF.  If L is DCFL then so is:   

L′ = ¬L = {aibjck, i, j, k ≥ 0 and i = j = k} ∪ {w ∈ {a, b, c}* : the letters are out of order}. 

But then so is: L′′ = L′ ∩ a*b*c* = {anbncn, n ≥0}. 

But it isn’t.  So, L is context-free but not deterministic context-free. 

Inherent Ambiguity versus Nondeterminism 

Recall the language L1 = { aibjck : i, j, k ≥ 0 and ((i=j) or (j=k))}, which can also be described 

as { anbncm : n, m ≥ 0} ∪ { anbmcm: n, m ≥ 0}. L1 is inherently ambiguous every string that is 

also in { anbncn : n ≥ 0} is an element of both sublanguages and so has at least two derivations 

in any grammar for L1 

Now consider the slightly different language L2 = { anbncmd : n, m ≥ 0} ∪ { anbmcmd: n, m ≥ 0}. 

L2 is not inherently ambiguous. It is straightforward to write an unambiguous grammar for each 

of the two sublanguages and any string in L2 is an element of only one of them (since each such 

string must end in d ore but not both). L2 is not, however, deterministic. There exists no PDA 

that can decide which of the two sublanguages a particular string is in until it has consumed the 

entire string. 

What is the relationship between 

the deterministic context-free 

languages and the languages that 

are not inherently ambiguous? 

The answer is shown in Figure.  
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