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6. Regular and Non-Regular Languages 

Theorem: There is a countably infinite number of regular languages. 

Proof: We can lexicographically enumerate all the syntactically legal DFSMs with input 

alphabet ∑. Every regular language is accepted by at least one of them. So there cannot be more 

regular languages than there are DFSMs. Thus there are at most a countably infinite number of 

regular languages. There is not a one-to-one relationship between regular languages and 

DFSMs since there is an infinite number of machines that accept any given language. But the 

number of regular languages is infinite because it includes the following infinite set of 

languages: 

{a}, {aa} , {aaa}, {aaaa}. {aaaaa}, {aaaaaa }… 

 

Theorem: Every finite language is regular. 

Proof: If L is the empty set, then it is defined by the regular expression Φ and so is regular. If 

it is any finite language composed of the strings s1, s2, ... sn for some positive integer n, then it 

is defined by the regular expression: 

 

So it too is regular. 

 

Example: The Intersection of Two Infinite Languages 

Let L = L1⋂L2, where L1 = { an bn; n≥0} and L2 ={ bn an;;  n≥0} As we will soon be able to 

prove, neither L1 nor L2 is regular. But L is. L = {e}, which is finite. 
 

Example: A Finite Language We May Not Be Able to Write Down 

Let L = {w ɛ {0 - 9}* : w is the social security number of a living US resident}. 

L is regular because it is finite. It doesn't matter that no individual or organization happens at 

any given instant, to know what strings are in L. 

 

Note: Not every regular language is computationally tractable(manageable). Example is 

Towers of Hanoi language. 

But, of course, most interesting regular languages are infinite. Sn far. we've developed four 

techniques for showing that a (finite or infinite) language L is regular: 

• Exhibit a regular expression for L. 

• Exhibit an FSM for L. 

• Show that the number of equivalence classes of ≈L is finite. 

• Exhibit a regular grammar for L 
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6.1 Closure Properties of Regular Languages 

Theorem: The regular languages are closed under union, concatenation, and Kleene star. 

Proof: By the same constructions that were used in the proof of Kleene's theorem 

Theorem: The regular languages are closed under complement, intersection, difference, 

reverse, and letter substitution. 

Proof:  
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6.2 Showing That a Language is Not Regular 

The Pumping Theorem for Regular languages 
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anbn is not regular  

 

The Balanced Parenthesis Language is Not Regular 

 

 

The Even Palindrome language is Not Regular 
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The Language with More a's than b's is Not Regular 

 

The Prime Number of a's Language is Not Regular 

 

 

When we do a Pumping theorem proof that a language L is not regular, we have two choices 

to make: a value for w and a value for q. As we have just seen, there are some useful heuristics 

that can guide our choices: 

To choose w: 

• Choose a w that is in the part of L that makes it not regular. 

• Choose a w that is only barely in L. 

• Choose a w with as homogeneous as possible an initial region of length at least k. 

To choose q: 

• Try letting q be either 0 or 2. 

• If that doesn't work, analyze L to see if there is some other specific value that will work. 

***** 


